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Kinetic Equations for Autocorrelation
Functions in Dilute Gases
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We show that in the case of a dilute gas of neutral particles kinetic equations for

autocorrelation functions such as

SE v 0, v, 1)y,  where  f@r,v, ) = IV, 8(r — r,(0) 8(v — vi{D)),

can be obtained in a very simple manner by the use of the truncated BBGKY hierarchy.
The resulting equations correspond to the low-density limit of the results of van Leeuwen
and Yip. Moreover, the derivation does not make use of the Bogoliubov adiabatic
approximation, and therefore includes non-Markovian effects which can be important
in describing light scattering from gases and the collisional narrowing of atomic dipole
radiation. The resulting equations in the long-wavelength limit correspond to the non-
Markovian Boltzmann equation for the self-correlation part and the non-Markovian,

linearized Boltzmann equation for the total autocorrelation function.
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1. INTRODUCTION

In recent years, there has been considerable interest in the use of techniques such
as light scattering, slow neutron scattering, and spectral line shapes to investigate
the kinetic properties of neutral and ionized gases. These techniques all have the
common property of probing certain autocorrelation functions in the system. In the
case of neutron and light scattering,'® the quantity of interest is the density autocorre-

lation function

B, ), 1)) = 3, 3 — r (1)) 3(" — r(#))
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where r,(¢) is the position of the ith particle at time z. In the case of atomic line shapes,
the quantity of interest is <d(r, 7) - d(x’, ¢’)>, where d(r, ¢) is the dipole current density
at the point r and time £. In certain cases, this quantity is proportional to the density
autocorrelation function.®

Since autocorrelation functions are of great interest, several authors,®~'V have
developed kinetic equations for these quantities. In particular, Rostoker,® Klimon-
tovich,® and Dupree!” have developed rather general techniques for calculating
such quantities for plasmas. In the neutral-gas case, Van Leeuwen and Yip'®® and
Blum and Lebowitz!® have considered the problem in equilibrium systems. As
Montgomery"? recently pointed out, the methods used for the neuntral-gas case are
quite different from those used for the plasma and are in many ways much more
complex and much less physically obvious then in the plasma case.

Montgomery used an approach very similar to that developed by Rostoker for
the plasma case. In addition, he made use of the multitime method.'® The problem
with this latter technique is that it does not include non-Markovian effects, which can
be important for the scattering or emission of light having frequencies greater than the
inverse of the duration of a collision.

The purpose of this paper is to show that there is a very simple way to obtain the
results for a homogeneous, dilute gas of natural atoms in the low-density limit which,
although similar in spirit to Montgomery’s approach, does include non-Markovian
effects. This method is based on the methods used in the plasma case by Rostoker,
Klimontovich, and Dupree. Moreover, we believe (as Montgomery emphasized) that
these methods offer a much simpler approach to the problem than those of Refs. 8
and 9. This method may also have an additional advantage of being easily generalized
to treat nonequilibrium systems if such systems ever become of interest. This treatment
is presently somewhat restricted (as was that of Montgomery) in that it is very hard to
account for initial correlation effects and triple and higher-order collisions. Thus,
it is, perhaps, somewhat less appropriate for dense gases.

2. THE BBGKY EQUATIONS FOR AUTOCORRELATION FUNCTIONS

We are interested in autocorrelation functions of the form <{A(x, ¢) A(x', t')>,
where A(x, t) is a single-particle observable

N
A(x, t) = Z a; 0(x — x,(t)) )]
=1
and x = (1, ¥), 8(x — x,(t)) = 8(r — rt)) 8(v — v«(¢)). The quantities r,(z) and v,(¢)
are the exact position and velocity of the ith particle at time 7. Any autocorrelation
function of this form can be written in terms of the quantity?

fotx, 1) = n i f(x, ) f (', 1) @)
where # is the particle density and
. N
Jee, 1) =3, 8(x — x,(t)) 3)
=1

is the exact, one-particle distribution function.
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In some cases, one is not interested in f(x, #; x’, ¢') itself but in only a part of it.
For example, in the problem of collisional narrowing of spectral lines,® the quantity
of interest is

N
Wil 75%, 1) = 17t (3 80c = x(0) 86 — x,1))
g=1
= V<{8(x — x1(2)) 6(x" — x:('))> “
It is therefore useful to decompose the quantity f as
f(x: t; x’s t,) = Wl,l(xa T; xla t/) + nW1,2(x> T; xla tl) (5)
where

Wialo s 1) = o5 (5, 80 = x,0) 8¢ — %))

i#J
= V2<8(x — xi(1)) 8(x" — x:(1))> ()

The quantities W; , and W, , are the same as those introduced by Rostoker.®-1%
This decomposition is not, however, the same as that used by van Leeuwen and Yip®
whose expression also involved a decomposition of the Liouville time-evolution
operator exp(—iLy7).

If we introduce a modified N-particle distribution function

Fy(I'y , 73 %', ') = exp (—iLy7) 8(x" — X9) fu(I'x) ™

where fy(I'y) is the usual N-particle distribution function and Ly is the Liouville
operator, we can show that W, ; and W, , are one-particle reduced distribution func-
tions related to Fy as

Wialon, 75 %, ) = V [ [ doy o diy Fol1, 2,3, N3 %, 1) @®)
and

Wy, 73 %, 1) = V2 f f dxy -+ dyg Fy(2, 1, 3y N3 ¥, 1) ©

We note that, although F,, obeys the Liouville equation as a function of the 6N
coordinates r; and v, , it is not symmetric under the interchange 1 < 7, but is symmetric
under i <> j, if i, j %% 1. The quantity W; ,(x, 7; X', t') is the joint probability density
that a particle is at phase point x’ at time ¢* and then at the point x a time 7 later. On
the other hand, the quantity W, ,(x, 7; X', ¢') is the joint probability density that a
particle is at x’ at time ¢ and another particle is at point x a time 7 later. We will
choose to work with an equilibrium system, in which case there is no ¢’ dependence.
The following results can, however, be easily generalized to treat nonequilibrium
Systems.

From the equation of motion for Fy , which is

OF /0 + iLyFy = 0 (10)
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we obtain in the usual manner of the BBGKY method®® or by the method of
Klimontovich® and Dupree'” the equations

0 . '
a2 Waa(l, 1) = —iL1) Wia(L, 1) — in [ dy L/(1,2) Wisa(1,2,7) - (11)
and
7 . . '
7= Wiall, 1) = —iLX(1) Wag(l, 1) — i [ dxy L/(1,2) Waea(2,1,7)
—in [ dx, Ly(1,2) Wiy o1,2,7) (12)
where
LX) = —iv, " 8for, (13)
and
1) — L0 N
L(1L,2) = g b — 1) (- — o) (14)

The quantities Wi, ; and W5 , are two-particle distribution functions defined by
Wiaa(x, x", 75 %', £) = VE8(x — x,(£)) 8(x" — x(2)) 3(x" — x,(¢"))) (15)
and _ |
Wisalx, x", 73 X', t7) = V3 8(x — x,(1)) 8(x" — x4(2)) 8(x" — x(¢))> (16)
They can also be written as
Wisa(l, 2, 7) = V2 j j dxy - dxy Fy(1, 2, 3, N, 71 %', ') a7n
and

Wiss(1,2,7) = V2 [ oo [ty dy Fy(3, 1,2, 4,0, Ny s 2, 1) (18)

We will temporarily suppress the x* dependence in these functions.

Equations (11) and (12) represent the first equations of a BBGKY hierarchy
which is obtained from Eq. (10) in the usual manner. This hierarchy differs from the
usual one in the lack of complete symmetry of Fy under interchange of particles.
We can, of course, obtain equations for W, ; and W, , in terms of three-body distri-
bution functions. The equation for W), , is given by

0 .
e Wiea(1,2, 7) = —iLy(1, 2) Wiea(1, 2, 7)

—in f dx3 L2,(19 3) W123,1(13 2> 3: T)

—in [ dx, L2, 3) Wigsa(1,2,3,7) (19)
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where
Ly(1,2) = L’() + L,°Q) + L;(1, 2) (20)

and

Wizgax, x", X", 75 %', ) = VA8(x — x1(8)) 8(x" — xy(1)) 8(x" — x3(1)) 8(x" — x2(t))>
@D
A similar equation exists for Wy, ,. At this point, we will restrict ourselves to two-body

collisions and work to lowest order in the density. In that case, we can ignore the last
two terms of Eq. (19), thereby truncating the hierarchy and giving™®

0 .
- Wi i(l, 2, 1) = —iLy(1,2) Wip0(1, 2, 7) (22)
which is the two-body Liouville equation. In a similar manner, we find

0 ,
o Wias(1, 2, 7) = —ily(1, 2) Wi,,5(1, 2, 7) (23)

It is convenient at this point to introduce a Fourier transform with respect to
the suppressed variable r'. We define

Wrata, 13k V) = [ d (expik 1) Wia(n, 751, V) (24)

with a similar definition for W, ,. The scattering cross sections and line shapes are
all expressed in terms of a Fourier transform of W, , and W, , with respect to both
position variables. 1%

We next introduce correlation functions corresponding to Wi,4(1, 2, 7) and
Wiya.5(1, 2, 7) which have the property that they vanish when [r, —r,| — . In
the case of an equilibrium system, we have (see the appendix)

I/7712,1(1, 2,7 x, ) = $:(2) I271,1(1’ )+ Gy(1,2,7) (25
and

Wm,s(I; 2,1x, ) = ?51(1) W1,2(2’ 7) + 951(2) W1.2(13 T) + ﬁz(ls 2,7)  (26)

where we have assumed that k % 0. The quantity ¢,(1) is the usual Maxwell-
Boltzmann-distributiont function. If the system is not in equilibrium, ¢,(1) is replaced
by &4(1, ¢’ + =), which obeys the Boltzmann equation to the order of density we are
concerned with here. The quantities G, and H, are two-particle correlation functions.
From Eqs. (22) and (23), we obtain, to lowest order in density, the equations

2 o) = —iL(1,2) Gy — L1, 2) hiD Wrall, D) @7
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and
0 Hz(”') = —iLy(1, 2) ﬁz(”') — iLy(1, 2)[¢1(1) W1,2(2’ 7) + ‘}51(2) WLz(L 7] (28)

For nonzero k, which are the cases of interest, we also have

0

= a1, 7) = — L) Wan(l, 1) — in [ dx L1, Go(1,2,1)  (29)

and
0 T 0 oF . ’ é
o Wil 7) = — L) Wl 7) — i [ dx L(1,2) G2, 1, 7)

—in f dx, Ly(1,2) Hy(1,2, 7) (30)

3. KINETIC EQUATIONS FOR W,

Since Egs. (27) and (28) form a closed sét for W; , and G, , we begin by obtaining
a kinetic equation for W, ; . We can solve Eq. (27) formally as

Gy(1, 2, 7) = exp (—iL,7) G4(0)

—i f; dry exp [—iLy(r — )] Ly'(1, 2) Wii(1, 7)) $,2)  (31)

We shall assume henceforth that there are no initial correlations between the particles.
Consequently, the first term in Eq. (31) vanishes. (The initial correlations give rise to
the Enskog correction, which can be important for dense systems.) If we then define
the operator

Sy(t) = exp (—iLyt) exp (iLs") (32)
where
L’ = L,°(1) + L,°(2) (33)

and substitute the resulting expression into Eq. (29), we obtain
6 - . T r
o= Waa(r) + L0 Waa(r) = —in [ dx, [ dry 1(1,2)
T 0

oS, 2(7'1)

X~ exp (—iLs"ry) $(2) Wia(l, 7 — 71) (34)

It is next convenient to introduce a Fourier transform of W, ;(1, 7) with respect
to the remaining position vector. We define

Wik, vy, 7) = [ dry exp (—ik - 1) Wiy, v, ) (39)
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From Eq. (34), we then obtain
) R
5r Wik, vy, 7) + ik - vy W4k, vy, 7)
= —in [ dv, f dry <k 0 aSZ(Tl) k, 0>

X b1(vs) Wik, vy, 7 — 1) (36)

Ly(1,2) ——==

exp(—iLy%7y)

where the Dirac-like notation follows that introduced by van Leeuwen and Yip,®
ki, k[ AL 2) k', ko>

={/V) f dry f dry X (exp —ik; - ry exp —iksy - 1) A(1, 2) exp ik, - r; exp ik, ‘ 1,
(37

From Eq. (36), we see that the kinetic equation has the form

0 . - .

3 Waa ik wWog = [ dry Mk, mexp (—ik - vim) Waslo v, 7 — ) (38)
where

Mk, ) = —in [ dv, <k 0| z,/1, 2) 34 852(”1) K, 0> $(v2) (39)

Equation (39) reduces to the result obtained by Blum and Lebowitz if the system is in
equilibrium and there are no initial correlations. Equation (39) is essentially the non-
Markovian Boltzmann equation. The kernel M(k, 7,) vanishes if +; is much larger than
the duration of a collision. Consequently, if there is a large separation between the
duration of a collision and the time between collisions, we can approximate
exp (—ik - vymy) Wi (7 — 7)) by W, () over the range for which the kernel is not
zero. Furthermore, if 7 is large compared to the duration of a collision, we can write

0 . @
a7 Wl,l(k, vi,7)+ik v Wiak, vy, 7) = Uo Mk, ) dTl] Wiak, vy, 1) (40)

This equation differs from the Markovian form obtained by Blum and Lebowitz
because we absorbed the exp —ik - v,7 factor into W, ;. This is necessary because
W, 1(7) varies as exp —ik - v;7 even for = of the order of the duration of a collision
74 . This time dependence is significant unless kv,7; <€ 1, where v, is a typical velocity.

If we do assume that the wavelength is large compared to the range of the potential,
so that kvyr; <€ 1, we can approximate M(k, 7;) by M(0, 7, 7). We then can write the
kinetic equation in the form

% ,
o Wik, vy, 7) +ik - vk, vy, 7)

= —in [ dvy 1,/(1,2) Sy(c0) $:(v) Wra(k, ¥y, 7) @1
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The right-hand side of Eq. (41) is simply the Boltzmann collision integral.® That is,
if we denote the usual Boltzmann collision integral by J[$:(1) ¢,(2)], then the equation
for Wy, is

0 ,
7 Wik, vy, 7) +ik v Wiak, vy, 7) = J[Wyak, vy, 7) $1(va)] 42)

If the system is not in equilibrium, we must simultaneously solve the Boltzmann equa-

tion for ¢, as well.

4. KINETIC EQUATION FOR W, ,

Equations (27)~(29) form a coupled set of equations for H,, G,, and W,,.
We solve Eq. (28) formally as

Hifr) = exp (—iLy) H0) — i [ dry exp (—iLymy) Ly(1, 2)
1]
X [hu(1) W02, 7 — 1) + $:(2) Wl (L, 7 — 7'1)] 43)
If we then substitute this expression for H, and the expression for G’2 glven in Eq:. (31)
into Eq. (30) for Wy, , we obtain
o o
o Wyiol, ) = — iy (1) Wis(1, 7)

~ i [ dx, f dy Ly(1,2) 4™ asz(“)

€xp (”iLzo“'l) </’1(2) Wl.l(la T —T1)

~ in [ d, f dry Ly(1,2) 220 3S2(’1)

X [¢y(1) W1,2(2, T— 7))+ 951(2)' Wl,z(ls T~ 71)] (44).

exp (——1L2°1- )

where we have again ignored the effects of initial correlatlons
~ We can then combine Egs. (34) and (44) to obtain the following equation for
f=nWy,+nW,,: ,

et

ﬁ. of _ - ’ o 652(71)
oo+ LY = “ikJ‘dszg(l,Z)J.odTl—a—;—

X €Xp (_iLonl)[¢1(2)f(x1 ,7—T kK v) + ¢1(1)f(x2 » -1k, V')])
(45

If the system is in equilibrium, the above equation is the non-Markovian, linearized
Boltzmann equation. We can put the above equation into a form similar to that,
obtained by Van Leeuwen and Yip® by defining the quantity

f(k9 v1 3 T; vl) = f dl' CXp (“—'lk N r)f(xl E] T, k’ V/)

= f dr f dr’ exp [ik - (r —",l")]f(xl 15X (46)
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We then find that

9 .
é;f(k’ Vi T) + ik vlf(k’ Vi, T)
—in [ av, | dﬁ <k 0 ‘ Lyq,2) 24 aSZ(TI)

K, 0>
X f&, ¥y, T — 71) $1(V)

+ 01 201,29 S8 exp iz i) 1010 S v — ) $i)] @)

exp (—iLy'ry)

If the system is in equilibrium, this is the equation obtained by van Leeuwen and
Yip® and Blum and Lebowitz®® (neglecting initial correlation). If 7 > =, (the dura-
tion of a collision) and if the duration of a collision is small compared to the time
between collisions, we obtain the Markovian equation

7] R
a_Tf(k,Vl,T)+lk'V1f(k,V1,T)

= [dv, [0, 7, 1) fO, Vi, 1) + Myl 7, ) fk v, D] (49)
where

Mk, 7, ") = —in f ar, <k, 0] L/(1,2) = 6S2(T1)

KO h) 49
and
Ml 7, t) = —in [ dn k0 L0D L [0l ) (50)

Again these equatlons differ from the Markovian limit used by Blum and Lebowitz!®
because we have absorbed factors of the form exp —ik - vr; as in the last section.

In the Iong—wavelength limit, kvyry <€ 1, we can set k = 0, in which case we
obtain

_(-827’1—1‘]{ 'Vl)f(kav;ﬂ')
= —in f vy Ly'(1, 2) Se(0)[e(v2) f(Kk, v1, ) + (V) f(K, vz, )] (5])

In the case of thermodynamic equilibrium, this equation reduces to the linearized
Boltzmann equation

7]
(5o + ik ) £ Ve, ) = TTa(0) O Ve, 1) + a0 Ve, D] (52)
which is the result obtained in Refs. 8 and 9.

5. DISCUSSION

We have used the BBGKY method to obtain kinetic equations for autocorrela-
tion functions for a dilute gas of neutral particles. These results can easily be extended
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to nonequilibrium gases. The basic philosophy of this approach is quite similar to that
used by Montgomery.@® The method of solution is somewhat different and offers
some advantages in that it allows us to account for non-Markovian effects. On the
other hand, both methods suffer from the difficulty of being hard pressed to account
for initial correlations (the Enskog approximation) which are important for dense
gases.

In the Markovian limit, the self-part, W;,, can be reduced to the Boltzmann
equation in the low-density limit. On the other hand, W, , obeys the linearized Boltz-
mann equation. These results have been previously obtained by other authors®?
by the use of considerably more complicated methods. It is important to note, how-
ever, that van Leeuwen and Yip® did not decompose the autocorrelation function
in this way (although they mention the result for W, in their discussion). This is
the reason Montgomery®® was unable to verify completely some of their results.

APPENDIX

We can obtain the correlation functions corresponding to Wi, , and Wy, by
the use of a method introduced by Dupree.” If we define f(x, ) = 8(x — x,(¢)) and
its fluctuation from the average by

ix, 1) = filx, 1) — Viy(v) (53)
we can write Wy, , and W4, as
Wiaa(x, x", 7, X') = — V7¢y(v) ,(v") $:(v) + Wialx, 75 x7) $4(v")

+ V6u(V) o0, x7) + VAW o(x", 75 x7) $4(V)
+ VESf(x, ) 8fulx", 1) 8h(x', 1) (54)

where g, is the usual two-body correlation function.
In the limit ¥ — o0 and N — oo, the first, third, and fourth terms on the right-
hand side of the above equation vanish, leaving us with

Wi a(x, X7, 75 X7) = Wii(x, 75 X7) $2(v") + II}_I)QO V<8f1(xa 1) 8f2(x”5 1) Sfl(x,a )y (55
In a similar way, we can show that in the infinite-volume limit

Wisolx, X", 75 x7) = (V) $o(v") 62(v) + Wia(x, 75 X7) $1(v") + Wio(x", 75 x7) $2(¥)
+ (V) golx, x") + lim V3Sfi(x, 1) 3f(x", ) 8fsx't)>  (56)
When ¢ = ¢', the last term of Eq. (55) is proportional to the two-particle correlation

function g, and the last term of Eq. (56) is related to the three-particle correlation
function g5 .
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